Wormholes supported by hybrid metric-Palatini gravity 
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Recently, a modified theory of gravity was presented, which consists of the superposition of the 
metric Einstein-Hilbert Lagrangian with an f(7Z) term constructed a la Palatini. The theory pos- 
sesses extremely interesting features such as predicting the existence of a long-range scalar field, 
that explains the late-time cosmic acceleration and passes the local tests, even in the presence of a 
light scalar field. In this brief report, we consider the possibility that wormholes are supported by 
this hybrid metric-Palatini gravitational theory. We present here the general conditions for worm- 
hole solutions according to the null energy conditions at the throat and find specific examples. In 
the first solution, we specify the redshift function, the scalar field and choose the potential that 
simplifies the modified Klein-Gordon equation. This solution is not asymptotically flat and needs 
to be matched to a vacuum solution. In the second example, by adequately specifying the metric 
functions and choosing the scalar field, we find an asymptotically flat spacetime. 

PACS numbers: 04.20Jb, 04.50.Kd 



Introduction. Wormholes are hypothetical shortcuts in 
spacetime and are primarily useful as "gedanken exper- 
iments" and as a theoretical probe on the foundation of 
general relativity [l[. In classical general relativity, it is 
well-known that wormholes possess a peculiar property, 
namely 'exotic matter,' involving a stress-energy tensor 
T^ v that violates the null energy condition (NEC) at the 
throat, i.e., T tl „fc' 1 fc I/ < 0, where fc M is any null vector. 
However, it has been recently shown that in the context 
of modified gravity, the stress-energy tensor of standard 
matter can be imposed to satisfy the usual energy con- 
ditions and higher order curvature terms support these 
exotic geometries @]. 

In fact, modified gravity Q has mainly been revived 
to explain the late-time cosmic acceleration. Indeed, gen- 
eralizations of these modified gravitational theories have 
also been extensively analyzed in the literature, such as 
C-theories nonminimal curvature- matter couplings 
0, etc. A natural way to obtain solely gravitational 
modifications of the behavior of matter emerges in the 
Palatini formulation of extended gravity actions [6|. In 
the latter, the relation between the independent connec- 
tion and the metric depends upon the trace of the matter 
stress energy tensor in such a way that the field equations 



effectively feature extra terms given by the matter con- 
tent. However, since the extra terms are fourth order in 
(spatial) derivatives Q , some models of these theories are 
problematical both at the theoretical and phenomenolog- 
ical levels 0. 

In this context, a novel approach to modified theories 
of gravity was recently proposed, consisting of adding 
to the metric Einstein-Hilbert Lagrangian an f(7Z) term 
constructed a la Palatini Q . It was shown that using the 
respective dynamically equivalent scalar-tensor represen- 
tation, the theory passes the Solar System observational 
constraints even if the scalar field is very light and also 
leads to the late-time cosmic acceleration. Cosmological 
applications have also been extensively analyzed [10| . 

In this brief report, we consider the possibility 
that wormhole geometries are supported by the above- 
mentioned hybrid metric-Palatini theory. We present the 
generic conditions relative to the NEC and provide two 
specific solutions. 

Hybrid metric-Palatini gravity. The action for the hy- 
brid metric-Palatini gravity is 
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where k 2 = 8ttG, S m is the matter action, R is the metric 
Einstein-Hilbert term, 1Z = g^TZ^ is the Palatini cur- 
vature, and IZ^v is defined in terms of an independent 



connection as 
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Varying the action (p} with respect to the metric, one 
obtains the following gravitational field equations 



The scalar field is governed by the second-order evolu- 
tion equation (we refer the reader to [9] for more details) 



G>„ + F(K)K^ - -f(K)g^ = k 2 T^ , 



(3) 



where the matter stress-energy tensor is defined as = 
— (2/^/ = p) Sl^J^gCmj/Sg^ . The independent connec- 
tion is compatible with the metric F(TZ)g^ 1 conformal to 
g^u] the conformal factor is given by F(1Z) = df(lZ)/dlZ. 
The latter considerations imply that 
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Note that 1Z can be obtained from the trace of the field 
equations ©, which yields F(K)K - 2f(K) -R = k 2 T. 

Introducing an auxiliary field, the hybrid metric- 
Palatini action (P} can be turned into a scalar-tensor the- 
ory given by the following action (we refer the reader to 
\9l for more details) 



S = / d^x^Tg- [R + <j>K- V{4>)} 



(5) 



Varying this action with respect to the metric, the scalar 
<t> and the connection yields the following field equations 
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respectively. Note that the solution of Eq. ([8]) implies 
that the independent connection is the Levi-Civita con- 



nection of a metric h b 



Thus we are dealing 



with a bi-metric theory and TZ^ and R^ v are related by 
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(9) 

and consequently 1Z = R+ ^ d^d^cp— which can 
be used in the action to get rid of the independent 
connection and obtain the following scalar-tensor repre- 
sentation \Xm 
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It is important to note that this action differs funda- 
mentally from the w = —3/2 Brans-Dicke theory in the 
coupling of the scalar to the curvature. 

Now substituting Eq. © and Eq. © in Eq. @, the 
metric field equation can be written as an effective Ein- 
stein field equation, i.e., G^ LU 
tive stress-energy tensor is given by 



k 2 T^, where the effec- 
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T , (11) 



which is an effective Klein-Gordon equation. This last 
expression shows that, unlike in the Palatini (w = —3/2) 
case, the scalar field is dynamical. Thus, the theory is 
not affected by the microscopic instabilities that arise in 
Palatini models with infrared corrections [l2l ]. 

Wormholes in hybrid metric- Palatini gravity. Consider 
the following line element in curvature coordinates, which 
represents a traversable wormhole geometry |lj 



ds 2 = - e ^r) dt 2 + 



dr 2 



1 - b(r)/r 



r 2 (d9 2 + sin 2 
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where the metric functions b(r) and $(r) are functions 
of the radial coordinate, and denoted the shape and the 
redshift functions, respectively. The radial coordinate r 
ranges from a minimum value ro, the wormhole throat, 
to infinity. In order to avoid the presence of event hori- 
zons, one imposes that $(r) is finite Vr. It is possi- 
ble to construct asymptotically flat spacetimes, in which 
b(r)/r — > and <fr — > as r — > oo. Now, a fundamental 
ingredient in wormhole physics is the flaring-out condi- 
tion of the wormhole throat b(ro) = ?~o [J; given by the 
condition (b'r — b)/2b 2 < 0. In general relativity, the 
latter condition implies that through the Einstein field 
equation, the stress-energy tensor violates the NEC at 
the throat, i.e., T^ v k^k v \ ro < 0. 

In modified gravity, it is the effective stress-energy ten- 
sor that violates the NEC at the throat, T^k^k u \ ro < 0. 
The latter provides the following constraint in the present 
hybrid metric-Palatini gravitational theory 
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Assuming that 1 + <j> > and that standard matter sat- 
isfies the energy conditions and, in particular, the NEC, 
i.e, Tfiuk^k" > 0, one finds the generic constraint for 
hybrid metric-Palatini wormhole geometries 
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Using the metric (|T2|) . the effective Einstein field equa- 
tion provides the following gravitational field equations 
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The effective Klein-Gordon equation (|lll) is given by 
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Note that Eqs. (fT5)) - ([!%)) provide four independent equa- 
tions, for seven unknown quantities, i.e. p(r), p r (r), 
Pt(r), $(r), b(r), 0(r) and V(r). Thus, the system of 
equations is under-determined, so that we will reduce 
the number of unknown functions by assuming suitable 
conditions. We will consider specific solutions in the next 
section. 

Solution I. Consider for simplicity a zero redshift func- 
tion and a specific choice for the scalar field: 



$(r) =0, 



•>-*(?)■ 



(19) 



In order to simplify the modified Klein-Gordon equation, 
consider 2V — (1 + (j))V<p = 0, which yields the potential 



V(<f>) = V (l + - 



(20) 



Now, substituting these choices into the expressions for 
the stress-energy tensor components, one obtains the fol- 
lowing expression of the stress-energy tensor trace 
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Finally, substituting these expressions into the modified 
Klein Gordon equation, i.e., Eq. (fT5|) . the latter simplifies 
to the following ordinary differential equation 
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which yields the following solution for the shape function 
2V o O r 5 fr \ a : 3a(a~2)r 
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where C is a constant of integration, fixed by the bound- 
ary condition b(r ) — r , which provides 
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(17) For the case of a = 1, the shape function is given by 
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For this case the stress-energy tensor profile is given by 
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Note that this solution is not asymptotically flat, so that, 
in principle, we need to match the interior wormhole so- 
lution to an exterior vacuum spacetime, at a junction 
interface, much in the spirit of [l 31 ] - 

Solution II: Asymptotically flat spacetime. Consider 
the choices for the metric functions and scalar field 

*(r) = $ (^f , 6(r) - r , 0(r) = O (^) 7 (29) 

respectively, where a > 0, (3 > — 1 and 7 > are con- 
stant parameters. We emphasize that general solutions 
for these specific cases can be found, however, they are 
extremely lengthy, so that without a significant loss of 
generality, we consider a = 0, /3 = and 7 = 3. 

As before, let us insert these functions into the field 
equations, deduce the trace of stress-energy tensor, given 

byT=^ {W(r) + 90o (^) 3 [1 - 2Ea] } , and sub- 
stitute the latter into the modified Klein Gordon equa- 
tion, which simplifies to 
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This ordinary differential equation yields the following 
solution for the potential in parametric form, V(r) 



(31) 
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Now, from the definition of the scalar field, Eq. (|29j) , and 
with 7 = 3, one obtains that r /r — (<j)/4>o) 1 i so that 
the potential V((j>) is finally given by 
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The stress-energy tensor components have the follow- 
ing profile 
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which tend to zero as r — >• oo. Note that assuming 
0o > 0, the energy density is positive throughout the 
spacetime, and at the throat takes the value p(ro) = 
30o/(5« 2 rg). The NEC at the throat takes the form 
p(ro) +Pr(ro) = (0o - 2)/(2K 2 r 2 ,), which is positive, by 
imposing 0o > 2; it is an easy matter to verify that this 
specific example satisfies Eq. (fT4"|). 

Conclusions. In this brief report, we have consid- 
ered the possibility that wormholes can be supported 
by the recently proposed hybrid metric-Palatini gravi- 
tational theory. We presented the general conditions for 



a wormhole relative to the null energy conditions at the 
throat and found specific solutions. In the first solution, 
we specified the redshift function, the scalar field and 
chose the potential that simplifies the modified Klein- 
Gordon equation. This solution is not asymptotically 
flat and needs to be matched to a vacuum solution. In 
the second example, we chose a particular scalar field and 
specified the metric functions, thus obtaining an asymp- 
totically flat spacetime. It is important to stress that 
the energy conditions for standard matter, in principle, 
may be imposed to hold while the structure and stabil- 
ity of wormhole solutions is guaranteed by the effective 
stress-energy induced by curvature terms. 
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